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A PROBLEM OF KUSNER ON EQUILATERAL SETS
KONRAD J. SWANEPOEL
Abstract. R. B. Kusner [R. Guy, Amer. Math. Monthly 90 (1983),
196–199] asked whether a set of vectors in Rd such that the ℓp distance
between any pair is 1, has cardinality at most d + 1. We show that
this is true for p = 4 and any d ≥ 1, and false for all 1 < p < 2 with
d sufficiently large, depending on p. More generally we show that the
maximum cardinality is at most (2⌈p/4⌉−1)d+1 if p is an even integer,
and at least (1 + εp)d if 1 < p < 2, where εp > 0 depends on p.
1. Introduction
Let 1 < p <∞ and d ≥ 1. By ℓdp we denote R
d endowed with the ℓp-norm
‖x‖p = ‖(x1, . . . , xd)‖p = (
d∑
i=1
|xi|
p)1/p.
The unit ball and unit sphere (unit circle if d = 2) of ℓdp are the sets {x :
‖x‖p ≤ 1} and {x : ‖x‖p = 1}, respectively. Note that we do not consider
the cases p = 1,∞ in this paper. A set S ⊂ ℓdp is λ-equilateral (λ > 0) if
‖x − y‖p = λ for all distinct x, y ∈ S, and equilateral if S is λ-equilateral
for some λ > 0. The maximum number of elements in an equilateral set in
ℓdp is denoted by e(ℓ
d
p). It is well-known that e(ℓ
d
2) = d + 1. The standard
basis vectors of Rd together with some multiple of (1, 1, . . . , 1) demonstrates
that e(ℓdp) ≥ d+ 1 for all 1 < p <∞. A result of Petty [8] gives as a special
case that e(ℓdp) < 2
d for d ≥ 2. It is also well-known that e(ℓ2p) = 3 (see e.g
[6, Section 5]). Kusner [4] asked whether e(ℓdp) = d + 1 for all d ≥ 2 and
1 < p <∞. This problem has recently been studied by Smyth [9] and Alon
and Pudla´k [1]. Smyth showed e(ℓdp) < cpd
(p+1)/(p−1) for some c > 0, and
also e(ℓdp) = d + 1 for 2 − αd < p < 2 + αd where αd = O(1/(d log d)) (this
second statement also follows from a more general result of Brass [2] and
Dekster [3]). The general upper bound was improved by Alon and Pudla´k
to e(ℓdp) < cpd
(2p+2)/(2p−1) for some cp > 0 depending on p. For p an even
integer, Galvin (see [9]) showed e(ℓdp) ≤ 1 + (p − 1)d, while for p an odd
integer Alon and Pudla´k showed e(ℓdp) ≤ cpd log d for some cp > 0.
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First of all we improve Galvin’s result as follows.
Theorem 1. For p an even integer and d ≥ 1 we have
e(ℓdp) ≤
{
(p2 − 1)d + 1 if p ≡ 0 (mod 4),
p
2d+ 1 if p ≡ 2 (mod 4).
In particular, e(ℓd4) = d+ 1.
By a compactness argument we thus have that e(ℓdp) = d + 1 for p in a
small interval around 4, the size of the interval depending on d. We have
no information on the size of this interval, nor on whether e(ℓdp) = d+ 1 for
any other values of p > 2. The proof of Theorem 1 in Section 2 uses a linear
algebra method (see [5, Part III] for an exposition).
Secondly we show that e(ℓdp) > d + 1 holds for all 1 < p < 2 if d is
sufficiently large.
Theorem 2. For any 1 < p < 2 and d ≥ 1, let
k =
⌈
log(1− 2p−2)−1
log 2
⌉
− 1.
Then
e(ℓdp) ≥
⌊
2k+1
2k+1 − 1
d
⌋
.
In particular, if d ≥ 2k+2 − 2 then e(ℓdp) > d+ 1.
For example, if 1 < p ≤ log 3log 2 , then e(ℓ
d
p) ≥ ⌊4d/3⌋ and e(ℓ
6
p) ≥ 8. For p
close to 2 the theorem implies that e(ℓdp) > d+1 if p < 2−Ω(1/d). Thus we
have reached the above-mentioned bound of Smyth except for a log d factor.
Theorem 2 is proved in Section 3 by constructing explicit examples based
on Hadamard matrices.
The smallest dimension for which Theorem 2 gives an example of e(ℓdp) >
d+ 1 is d = 6. With a slightly modified construction we also give examples
for d = 4. However, we have no examples for d = 3 or d = 5.
Theorem 3. For any 1 < p ≤ log 5/2log 2 we have e(ℓ
4
p) ≥ 6.
The proof is also in Section 3.
2. Upper bounds for p an even integer
Let S be a 1-equilateral set in ℓdp where p is an even integer. For each
a ∈ S, let Pa(x) = Pa(x1, . . . , xd) be the following polynomial:
Pa(x) := −1 + ‖x− a‖
p
p
= −1 + ‖a‖pp +
d∑
i=1
xpi +
d∑
i=1
p−1∑
m=1
(
p
m
)
(−ai)
p−mxmi . (1)
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Thus each Pa is in the linear span of
{1,
d∑
i=1
xpi } ∪ {x
m
i : 1 ≤ m ≤ p− 1; 1 ≤ i ≤ d},
which is a subspace of dimension (p − 1)d + 2 of the vector space of real
polynomials in the variables x1, . . . , xd. Since Pa(a) = −1 for all a ∈ S and
Pa(b) = 0 for all distinct a, b ∈ S, we have that {Pa : a ∈ S} is linearly
independent. Thus we already have |S| ≤ (p − 1)d + 2. We now show that
the larger set
P := {Pa : a ∈ S} ∪ {1} ∪ {x
m
i : 1 ≤ i ≤ d; 1 ≤ m ≤ k}
is still linearly independent, where k = p/2 if p ≡ 0 (mod 4) and k = p/2−1
otherwise. This will give |S|+ 1 + kd ≤ (p− 1)d+ 2, proving Theorem 1.
We only consider the case p ≡ 0 (mod 4), the other case being similar.
Let λ, λa (a ∈ S), λi,m (1 ≤ i ≤ d; 1 ≤ m ≤ p/2) be real numbers satisfying
λ1 +
∑
a∈S
λaPa(x) +
d∑
i=1
p/2∑
m=1
λi,mx
m
i ≡ 0. (2)
If we substitute (1) into (2) we obtain
λ1 +
∑
a∈S
λa(−1 + ‖a‖
p
p) +
d∑
i=1
(
∑
a∈S
λa)x
p
i
+
d∑
i=1
p−1∑
m=1
∑
a∈S
λa
(
p
m
)
(−ai)
p−mxmi +
d∑
i=1
p/2∑
m=1
λi,mx
m
i ≡ 0. (3)
Thus the coefficients of this polynomial are all 0, giving
λ+
∑
a∈S
λa(−1 + ‖a‖
p
p) = 0, (4)
∑
a∈S
λa = 0, (5)
λi,m +
∑
a∈S
λa
(
p
m
)
(−ai)
p−m = 0 ∀m = 1, . . . , p/2; i = 1, . . . , d, (6)
∑
a∈S
λaa
m
i = 0 ∀m = 1, . . . , p/2− 1. (7)
Substitute x = b ∈ S into (2):
−λb + λ+
d∑
i=1
p/2∑
m=1
λi,mb
m
i = 0 ∀b ∈ S. (8)
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Multiply (8) by −λb and sum over all b ∈ S:∑
b∈S
λ2b − λ
∑
b∈S
λb −
d∑
i=1
p/2∑
m=1
λi,m
∑
b∈S
λbb
m
i = 0.
By (5) and (7) this simplifies to
∑
b∈S
λ2b −
d∑
i=1
λi,p/2
∑
b∈S
λbb
p/2
i = 0,
which by (6) simplifies to
∑
b∈S
λ2b +
d∑
i=1
(
p
m
)
(
∑
a∈S
λaa
p/2
i )
2 = 0.
Since the left-hand side is a sum of squares, λb = 0 for all b ∈ S. By (4)
we then have λ = 0, and by (6) λi,m = 0 for all m and i. Thus the set P is
linearly independent, finishing the proof. 
3. Lower bounds for 1 < p < 2
According to the following proposition, if we can find a 21/p-equilateral
set of k+1 points on the unit sphere of ℓkp, we can construct equilateral sets
in ℓdp of more than d+ 1 points if d is sufficiently large. The construction is
similar to the Lenz construction in combinatorial geometry (see [7, pp. 148,
159, 194]).
Proposition 1. Let 1 < p < ∞, k, d ≥ 1. If ℓkp has a 2
1/p-equilateral set
of cardinality k + 1 on the unit sphere, then ℓdp has a 2
1/p-equilateral set of
cardinality ⌊(1 + 1k )d⌋ on the unit sphere.
Proof. Let m = ⌊d/k⌋ and r = d− km. Let ℓdp =
m times︷ ︸︸ ︷
ℓkp ⊕ · · · ⊕ ℓ
k
p ⊕ℓ
r
p. Let the
equilateral set in ℓkp be S = {v1, . . . , vk+1}. Let Si be the copy of S in the
i’th copy of ℓkp in ℓ
d
p, i = 1, . . . ,m, and let S0 be the copy of the standard
unit vectors e1, . . . , er in the copy of ℓ
r
p, which is also a 2
1/p-equilateral set of
unit vectors. Clearly the distance between a vector in Si and a vector in Sj
is 21/p for distinct i, j, since both are unit vectors. Thus S0 ∪ · · · ∪Sm is the
required set, since it has cardinality m(k+1) + r = d+m = d+ ⌊d/k⌋. 
Before we construct the required 21/p-equilateral sets, we need a technical
two-dimensional result.
Lemma 1. Let 1 < p < 2. For each λ ∈ [21−1/p, 21/p] there exist unit
vectors u, v ∈ ℓ2p such that ‖u+ v‖p = ‖u− v‖p = λ.
Geometrically the lemma says that there exists a quadrilateral inscribed
in the unit circle of ℓ2p with all four sides of length λ, for any λ ∈ [2
1−1/p, 21/p].
This is easily seen for λ = 21/p (u = (1, 0) and v = (0, 1)) and for λ = 21−1/p
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(u = ((1/2)1/p, (1/2)1/p) and v = (−(1/2)1/p, (1/2)1/p). The inbetween val-
ues are then covered by a continuity argument. We omit the details.
We also need Hadamard matrices. Recall that a Hadamard matrix of
order k is a k × k matrix H with all entries ±1, satisfying HHT = kI. It is
well-known that if a Hadamard matrix of order k exists, then k = 1, 2 or k is
divisible by 4 [10], and not known whether the converse holds. However, we
only need the fact that Hadamard matrices of order 2n exist for all n ≥ 0,
as shown by the well-known inductive construction
H0 = [1], Hn+1 =
[
Hn Hn
Hn −Hn
]
, n ≥ 0.
Proposition 2. Suppose that there exists a Hadamard matrix of order k ≥
2. Then for any
p ∈
[
2 +
log(1− k−1)
log 2
, 2 +
log(1− (2k)−1)
log 2
]
, p 6= 1,
there exists a 21/p-equilateral set of cardinality 2k on the unit sphere of ℓ2k−1p .
Proof. We may assume without loss of generality that the k × k Hadamard
matrix is normalized such that its first column contains only +1’s. Delete
the first column and let the k resulting rows be w1, . . . , wk ∈ {±1}
k−1. We
have that any two distinct wi and wj differ in exactly k/2 coordinates. Let
λ = 2
(
(3− 2p−1)k − 2
2(k − 1)
)1/p
. (9)
The given bounds on p ensure that 21−1/p ≤ λ ≤ 21/p. We now take u, v ∈ ℓ2p
from Lemma 1, and let
ui = (µ,wi ⊗ u), vi = (−µ,wi ⊗ v) ∈ ℓ
2k−1
p , i = 1, . . . , k,
where
µ = ((2p−2 − 1)k + 1)1/p (10)
and the Kronecker product a ⊗ b for any vectors a = (a1, . . . , am) ∈ R
m
and b ∈ Rn is defined as (a1b, a2b, . . . , amb) ∈ R
mn. The given lower bound
on p ensures that µ is well-defined. Then for any distinct i, j we have
‖ui−uj‖
p
p = (k/2)‖2u‖
p
p = 2p−1k and similarly ‖vi− vj‖
p
p = 2p−1k. Also for
any i, j,
‖ui − vj‖
p
p = (2µ)
p +
k−1∑
m=1
‖u+ εmv‖
p
p for some (εm) ∈ {±1}
k−1
= (2µ)p + (k − 1)λp by Lemma 1
= 2p−1k by (9) and (10).
Thus S := {u1, . . . , uk, v1, . . . , vk} is equilateral. Also,
‖ui‖
p
p = µ
p + (k − 1)‖x‖pp = µ
p + k − 1 = 2p−2k,
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by (10), and similarly, ‖vi‖
p
p = 2p−2k. Thus if we scale S by (2p−2k)−1/p, we
obtain a 21/p-equilateral set of unit vectors of cardinality 2k. 
Note that the two smallest dimensions d for which the above proposition
ensures a 21/p-equilateral set of unit vectors of size d + 1 are d = 3 (with
1 < p ≤ log 3/ log 2) and d = 7 (with log 3/ log 2 ≤ p ≤ log(7/2)/ log 2).
It is not difficult to see that such a set does not exist for d = 2 and any
1 < p < ∞, and also not for p = 2 and any d. We do not know whether
such sets exist if d = 4, 5, 6. It is doubtful that they exist for p > 2.
Proof of Theorem 2. Note that the given value of k ensures that
2 +
log(1− 2−k)
log 2
< p ≤ 2 +
log(1− 2−k−1)
log 2
,
and thus Proposition 2 applied to a Hadamard matrix of order 2k gives a
21/p-equilateral set of cardinality 2k+1 on the unit sphere of ℓ2
k+1
−1
p . Then
by Proposition 1 ℓdp has a 2
1/p-equilateral set of size ⌊(1+(2k+1−1)−1)d⌋. 
Proof of Theorem 3. Let λ = 2(3− 2p)1/p and take u, v ∈ ℓ2p from Lemma 1.
(Since 1 < p ≤ log(5/2)/ log 2 we have 21−1/p ≤ λ ≤ 21/p.) Let µ =
(2p − 2)1/p. Then a simple calculation shows that
S = {(µ,±u, 0), (−µ,±v, 0), (0, o,±1)} ⊂ ℓ4p
is equilateral. 
References
[1] N. Alon and P. Pudla´k, Equilateral sets in lnp , to appear in Geometric and Functional
Analysis.
[2] P. Braß, On equilateral simplices in normed spaces, Beitra¨ge Algebra Geom. 40
(1999), 303–307. MR 2000i:52012
[3] B. V. Dekster, Simplexes with prescribed edge lengths in Minkowski and Banach
spaces, Acta Math. Hungar. 86 (2000), 343–358. MR 2001b:52001
[4] R. K. Guy, An olla-podrida of open problems, often oddly posed, Amer. Math. Monthly
90 (1983), 196–199.
[5] S. Jukna, Extremal combinatorics, Springer-Verlag, Berlin-Heidelberg-New York,
2001.
[6] H. Martini, K. J. Swanepoel, and G. Weiß, The geometry of Minkowski spaces—a
survey. I, Expo. Math. 19 (2001), 97–142. MR 2002h:46015a. Errata: Expo. Math.
19 (2001), p. 364. MR 2002h:46015b
[7] J. Pach and P. K. Agarwal, Combinatorial geometry, John Wiley & Sons Inc., New
York, 1995. MR 96j:52001
[8] C. M. Petty, Equilateral sets in Minkowski spaces, Proc. Amer. Math. Soc. 29 (1971),
369–374. MR 43 #1051
[9] C. Smyth, Equilateral or 1-distance sets and Kusner’s conjecture, submitted.
[10] J. H. van Lint and R. M. Wilson, A course in combinatorics, second ed., Cambridge
University Press, Cambridge, 2001. MR 2002i:05001
Department of Mathematics, Applied Mathematics and Astronomy, Univer-
sity of South Africa, PO Box 392, Pretoria 0003, South Africa
E-mail address: swanekj@unisa.ac.za
